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Abstract 
 
This paper the model hardening of tool steel takes into considerations of thermal phenomena and phase transformations in the solid state 
are presented. In the modelling of thermal phenomena the heat equations transfer has been solved by Finite Elements Method. The graph 
of continuous heating (CHT) and continuous cooling (CCT) considered steel are used in the model of phase transformations. Phase altered 
fractions during the continuous heating austenite and continuous cooling pearlite or bainite are marked in the model by formula Johnson-
Mehl and Avrami. For rate of heating >100 K/s the modified equation Koistinen and Marburger is used. Modified equation Koistinen and 
Marburger identify the forming fraction of martensite.  
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1.  Introduction 
 
Heat treatment is a technological process, in which thermal 
phenomena,  phase  transformations  and  mechanical  phenomena 
are  dominant.  Models,  which  describe  processes  mentioned 
above, do not take into consideration many important aspects. As 
a  result  of  the  complexity  of  phenomenon  of  heat  treatment 
process, there are many mathematical and numerical difficulties 
in its modelling. For this reason there is no model which would 
include  phenomenon  accompanying  heat  treatment,  and  therein 
and hardening.  
The correct prediction of the final proprieties is possible after 
defining the type and the property of the nascent microstructure of 
the steel - element in the process of heating, and then the cooling 
treated thermally. Recently, many research works have been made 
on  the  analysis  of  quenching  process  with  the  help  of  finite 
element simulation technique [1-3].  
In  this  paper  the  numerical  model  of  phase  transformation 
such  as  Johanson-Mehl-Kolmogorov  model  for  the  diffusional 
transformation and modified Koistinen and Marburger model for 
the  difusionless  transformation  were  employed  to  investigate  a 
phase fraction during the heating and quenching process. For rate 
of  heating  >100 K/s  the  modified  equation  Koistinen  and 
Marburger is used [4,5]. 
 
 
2.  Mathematical models  
 
Fields of the temperature determined from equation solution 
of the transient heat: 
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where  = (T) is the heat conductivity coefficient, C=C(T) is an 
effective  heat  capacity,  q
v  is  intensity  of  internal  sources  (one 
takes into account in him heat of phase transformations).  
Superficial heating and cooling are realised in the model with 
the boundary condition of the Newton boundary condition with 
temperature dependent a convection coefficient: 
 
T T T q
n
T
n   (2) 
 
where 
T(T) is the heat transfer coefficient,   is surface, from 
which the heat is taken over, T  is temperature of the cooling 
medium. 
The  finite  element  method  in  the  Bubnov-Galerkin 
formulation is used to solve the problem [6].  
In the model of phase transformations diagrams of continuous 
heating (CHT) and cooling (CCT) are used (Fig. 1) [7-9]. The 
phase fraction transformed during continuous heating (austenite) 
is calculated in the model using the Johnson-Mehl and Avrami 
formula and modified Koistinen and Marburger formula, for rate 
heating >100 K/s, fractions pearlite or bainite are determined in 
model by Johnson-Mehl, Avrami and Kolmogorov formula. The 
fraction of the martensite formed, is calculated using the modified 
Koistinen and Marburger formula [4,5,10]: 
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b(ts,tf) and n(ts,tf) are coefficients calculated assuming the initial 
fraction ( s(ts)=0.01) and the final fraction ( f(tf)=0.99), 
%  is 
maximal phase fraction for established cooling rate estimated with 
CCT diagrams, 
A  is a fractions of the initial austenite,  TsA is 
temperature start austenite transformations, TfA – final temperature 
of  this  transformations,  m  is  constant  from  experiment;  for 
considered  steel  m = 3.3  if  for  the  temperature  start 
transformations  martensite  amount  Ms=493 K,  and  final  this 
transformations is in assumed temperature Mf=173 K [7,8]. 
 
 
Fig. 1. The Time-Temperature-Transformation graphs (CHT) and 
(CCT) for tools steel [8,9]  
 
Latent heat, which was generated due to phase transformation, 
led to increase of the temperature within the material treatment 
heating. This internal heat source could be handled by enthalpy 
change. Thus, the following enthalpy changes for the diffusional 
and diffusionless transformations were used ([J/m
3]) [1,5,9]:  
 
6 6 6 10 800 , 10 630 , 10 314 P M B H H H   (4) 
 
where  HB,  HM and  HP indicate the enthalpy changes during 
austenite-bainite, austenite-martensite and austenite-pearlite 
transformations, respectively.  
Heat of phase transformations is considered in the term source 
of  the  conductivity  equation  (1)  and  is  calculated  with  the 
example [1,8,11]:  
 
k
k k
v H q    (5) 
 
where Hk is volumetric heat (enthalpy) k- phase transformations, 
k   is the rate of change k- phase fraction. 
In this way the derived model for evaluating phase fraction 
and kinetics of transformation in heating and cooling processes 
were verified. The purpose of the dilatometric research was to 
analyse  phase  transformations  during  heating  and  continuous 
cooling of steel considered [8,9]. Dilatometric research was done 
in the Institute for Ferrous Metallurgy in Gliwice by means of a 
dilatometer DIL805 produced by Bähr Thermoanalyse GmbH.  
The  coefficient  of  thermal  expansion  for  pearlitic  structure 
depends  not  linear  on  the  temperature  (see.  Fig.  2),  and  an 
approximation of this coefficient using the square function [9]: 
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Fig. 2. Experimental and simulated dilatometric curves  
 
Based  on  comparisons  of  experimental  and  simulator 
dilatometric  curves  for  the  examined  steel,  values  of  thermal 
expansion  coefficients  and  isotropic  structural  strains  of  each 
micro-constituents were determined. They equal: 22, 10, 10 and 
14.5 ( 10
-6) [1/K] and 1.9, 4.5, 8.3 and 1.5 ( 10
-3) for austenite, 
bainite, martensite and pearlite respectively [9,12]. 
Results of these simulations and appropriate comparisons to 
the  experiment  results  are  presented  in  the  papers  [8,9].  The 
example comparisons are presented the figure 2, the kinetic of 
transformations  established  cooling  rate  are  presented  on  the 
figure 3 (see [9]).  
 
 
Fig. 3. The kinetic of transformations for established cooling rate  
 
The simulated dilatometric curves were obtained by solving 
the increment of the isotropic strain in the processes of heating 
and cooling [8,9]. 
 
 
3.  Example of numerical calculations 
 
Numerical simulations of hardening of the elements made of 
the  carbon  tool  steel  were  performed.  The  thermophysical 
coefficients   and C were assumed as constants: 35 [W/(mK)], 
and 5.0 10
6 [J/( m
3K)]. These are the average values calculated 
on the basis of the data in the work [3]. Heat transfer coefficient 
assumed  constant  equal  =2000 [W/(m
2K)]  (heating  in  fluid 
layer  [9]).  The  temperature  of  the  heating  medium  equalled 
T =1600 K.  The  cooling  was  modelled  with  the  Newton 
condition  and  the  extreme  of  heat  transfer  coefficient  assumed 
equal  =9000 [W/(m
2K)]  (cooling  in  the  water  [9]).  The 
temperature of the cooling medium equalled T =300 K. 
The  axisymmetrical  object  with  the  following  size 
40 80 mm  (Fig.  4)  underwent  hardening  simulation  (cf.  [1]). 
After heating it had an even temperature in the point 2 (Fig. 4) 
equalling 1400 K, and the output microstructure was austenite and 
pearlite (see Fig. 5). 
 
 
Fig. 4. The scheme of the system and boundary conditions  
 
 
Fig. 5. Distributions of the austenite a) and pearlite b) after 
heating 
 
Hardened  zones  in  the  cross  sections  of  the  element  are 
presented in figures 6. Distributions of the simulated fractions in a 
microstructure  after  hardening  of  the  object  are  presented  in 
figure 7. 
 
 
4.  Conclusions 
 
The  results of  the  verification of  the phase  transformations 
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model of phase transformations for the carbon tool steel (Figs. 6 
and 7). 
 
 
Fig. 6. Hardened zones in the cross sections 
 
Hardened  zones  in  the  cross  and  longitudinal  sections  are 
presented in figures 6 and 7. 
 
 
Fig. 7. Distributions of martensite a) and bainite b) 
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